Abstract: This paper reviews a simple three-factor arbitrage-free term structure model 
This drop in long-term forward rates during a tightening episode is quite unusual.
During the tightening episodes of 1994 and 1999, for example, forward rates moved up appreciably, on net, as the stance of policy firmed.
The yield on a nominal Treasury security can be decomposed into the sum of the compounded expected future short-term interest rate over the maturity of the bond and a risk or term premium to compensate investors for the uncertain return on holding the bond (over a horizon less than its maturity). The expected future short-term interest rate and the term premium are, of course, not directly observable. This paper uses an arbitrage-free three-factor term structure model of Kim and Orphanides (2004) that is based on the work of Duffie and Kan (1996) and Duffee (2002) to estimate a decomposition of the term structure of nominal interest rates into expected future short rates and term premiums. The model attributes much of the decline in longer-term yields over the last year to a fall in term premiums. This paper also uses a variant of the model that incorporates inflation data (Kim (2004) ) to further parse expected future short rates and term premiums into real and inflation components.
This main focus of this paper is on describing the estimation of expected future rates and term premiums, rather than on discussing the reasons why term premiums might have fallen over the last year. However, we briefly review some of the possible explanations that analysts have discussed. These explanations can essentially be reduced to an assertion that the demand for longer-maturity obligations has increased relative to supply, leading investors to demand smaller excess returns for holding these securities.
In turn, the increase in relative demand for longer-maturity fixed-income obligations might be traced to the following factors:
1. Increased attractiveness of longer-maturity obligations owing to better anchored inflation expectations and a reduction in the volatility of real activity. Several authors have documented a decline in real volatility in the early 1980s (see e.g. McConnell and Perez-Quiros (2000) ). Some authors have also found a decline in inflation volatility at about that time (see e.g. Ahmed, Levin, and Wilson (2002) ). One question in the Survey of Professional Forecasters asks respondents to assign probabilities to real GDP growth and inflation being in each of ten bins the current and subsequent years. The averages of these forecasts across respondents give simple density forecasts that can be used to construct standard deviations for output growth and inflation 1 which are direct measures of agents' uncertainty, not merely the dispersion of their beliefs. Figure 1 shows the standard deviation of the density forecasts for this year's and next year's output growth 1 For example, for output growth, the density forecast gives probabilities of real GDP growth in the current and subsequent years being greater than 6 percent, between 5 and 6 percent, between 4 and 5 percent, and so on, with the lowest bin being less than -2 percent. To construct the implied standard deviations, we assign the probability in each bin to the midpoint of that bin (e.g. the probability of growth being between 5 and 6 percent is assumed to be the probability of growth being 5.5 percent) and we assign the probabilities in the highest and lowest bins to +6.5 percent and -2.5 percent, respectively. We then simply compute the square root of the variance of this discretized density function.
and inflation from the Survey of Professional Forecasters each May since 1992. These standard deviations have indeed declined over the last couple of years to historically low levels, giving a very direct sense in which macroeconomic uncertainty has diminished.
Implied volatility on short-term interest rates implied by options has also trended down in recent years.
2. Increased foreign interest in U.S. longer-term obligations as a result of intervention by official institutions 2 (Bernanke, Reinhart and Sack (2004) ), less home bias of foreign investors, and rapid economic growth rates in countries with high savings rates. Figure 2 shows the proportions of Treasury securities held by foreign official institutions in custody accounts at the Federal Reserve Bank of New York and by all foreign investors.
Both have been trending up in recent years, though the proportion of Treasury securities held by foreign official institutions has actually edged lower so far this year.
3. Increased demand for longer-maturity securities stemming from the prospect of corporate pension fund reform in the United States, Europe, and elsewhere that might encourage pension funds to be more fully funded and to take steps to better match the duration of their assets and liabilities. U.S. defined-benefit pension plans held about $1¾ Whatever the merits of any of these explanations, the term premium estimates that we report in this paper should be thought of as "catch-all" measures that combine all of these effects and indeed anything else that might affect the price of Treasury securities other than expected future monetary policy.
The plan for the remainder of the paper is as follows. In section 2, we describe the three-factor nominal arbitrage-free term structure model. Section 3 reports the implied decomposition of Treasury yields and forward rates into expected future rates and term premiums. Section 4 briefly describes the extension of this model to the real term structure, by incorporating data on inflation. Finally, section 5 reports the implied decomposition of nominal Treasury yields and forward rates into expected future real rates, expected future inflation, real term premiums, and inflation risk premiums. Section 6 concludes and discusses some directions for future work.
Three-Factor Arbitrage-Free Term Structure Model

Pricing of real and nominal zero-coupon bonds.
Consider an n-period real zero-coupon bond that is being priced at time t and that pays one unit of the consumption good at time t n + . First consider a discrete-time model in which the representative investor has a utility function of the form 0 ( )
where t c denotes consumption in period t and ( ) t u c is the utility in that time period.
The first-order condition for maximization of (1) requires that the price of this n-period 
where ( ) c t denotes instantaneous consumption at time t and (.) u denotes the instantaneous utility function. The first-order condition for utility maximization of (2) is entirely analogous, requiring that the price of the n-period real zero-coupon bond be
where '(.) u denotes instantaneous marginal utility. This can be written as This paper, however, focuses mainly on nominal rather than real bonds. A nominal n-period zero-coupon bond pays $1 in nominal terms at time t n + , or 1 ( ) Q t n + in real terms, where ( ) Q t denotes the price index. The first-order condition for utility maximization requires that the price of the n-period nominal zero-coupon bond be
where
is the continuous-time nominal stochastic discount factor.
The Model.
The model of the nominal term structure described here is the implementation by Kim
and Orphanides (2004) of an arbitrage-free three-factor term structure model proposed by Duffee (2002) , building on work of Duffie and Kan (1996) . The model of Kim and Orphanides (2004) is model EA 0 (3) in the terminology of Duffee (2002), but it adopts a different normalization of the factors and has the novel feature of being augmented by survey data. The model assumes that the pricing relationship (4) holds for all bonds.
Hence, there are no arbitrage opportunities-once risk is taken into account-from buying one security and selling short some combination of other securities. This is what is meant by arbitrage-free pricing. The model furthermore assumes that the time-series behavior of the yield curve can be described quite well by three underlying latent factors.
In principle, the factors could be proxies for the level, slope, and curvature of the yield curve, or macroeconomic variables as used by authors such as Rudebusch and Wu (2003) . But the model discussed in this paper leaves the factors as latent variables. 
where K and Σ are 3x3 constant matrices and ( ) B t is a three-dimensional standard Brownian motion and that the instantaneous interest rate is an affine function of these factors:
where 0 ρ is a constant and ρ is a 3x1 vector. Assume further that
and
where φ is a 3x1 vector, Φ is a 3x3 matrix and ( ) t λ is a 3x1 vector. The interpretation of equation (7) is that the growth rate of ( ) m t reflects the risk-free interest rate and an adjustment for the sources of uncertainty in this model-the three Brownian motions in ( ) B t , while the elements of ( ) t λ give the market prices of each of these risks. And
is an affine function of the factors ( ) x t . 7 Substituting equations (5), (6), (7) and (8) 
where the functions ( ) a n and ( ) b n are given as the solutions to a set of ordinary differential equations (Duffie and Kan (1996) , Duffee (2002) ). Closed-form expressions for these functions can be found in Langetieg (1980) and Kim and Orphanides (2004) .
Hence the yield on an n-year nominal zero-coupon bond, , n t y , will be affine in the factors:
, ,
n t n t y P an bn xt n n = − = − + and the n-year instantaneous forward rate, , n t f will be , , It is straightforward to include survey data within this Kalman filter framework.
The model uses monthly data on the six-month and twelve-month-ahead forecasts of the three-month T-Bill yield from Blue Chip Financial Forecasts and semiannual data on the average expected three-month T-Bill yield from six to eleven years hence, also from Blue The notation e X , where X is a square matrix, denotes the matrix exponential e X =I+X+X 2 /2!+X 3 /3!... term premiums. Our estimate of the n-year instantaneous forward term premium is the nyear instantaneous forward rate less the n-year-ahead expected future short rate.
Likewise, our estimate of the n-year zero coupon term premium is the yield on an n-year zero coupon bond less the average of expected future short rates.
Empirical Results
The top left panel of Figure 3 shows the fitted zero-coupon yield curve on two dates: June since then. Distant-horizon expected future short-term interest rates fell slightly. But the ten-year instantaneous forward rate declined 150 basis points over this time period, and the model attributes most of this to a fall in the term premium as the ten-year instantaneous forward rate term premium is estimated to have fallen 120 basis points. Figure 4 shows the time series of two-and ten-year-ahead instantaneous forward rates, decomposed into estimated term premium and expected short-rate components. As can be seen, the estimated ten-year instantaneous forward term premium has been generally trending lower since 1990 and, with the recent fall since the middle of last year, now stands below its historical range. Some other patterns in the historical estimated term premiums are also noteworthy. In 1994, as the FOMC was raising rates, estimated term premiums actually increased, in contrast to the recent experience. Estimated term premiums dipped lower in October 1998, perhaps owing to "flight-to-quality" demand for
Treasury securities. The estimated ten-year instantaneous forward term premium rose somewhat during and immediately after the two most recent recessions, consistent with much of the literature on term premiums and the business cycle (e.g. Fama (1990) ).
Relationship to Some Other Term Premium Estimates.
This three-factor arbitrage-free term structure model uses historical interest rate data and an assumption that bonds are priced in a way that is internally consistent to parse today's yield curve into a trajectory of expected future short-term interest rates and a schedule of term premiums. It does not, however, make transparent why the model predicts smaller term premiums now than it did one year ago. Recently Cochrane and Piazzesi (2005) estimated bond term premiums by regressing excess bond returns on the term structure of forward rates, where the excess bond returns are the returns on holding an n-year bond over those on holding a one-year bond, for a holding period of one year. This gives a very transparent link between changes in expected future bond returns and changes in the term structure of forward rates-they found that the same tent shaped function of forward rates could explain up to 44 percent of the variation in excess bond returns of different maturities. The correlation between our estimate of the ten-year instantaneous forward term premium and the return forecasting factor 10 of Cochrane and Piazzesi is 0.83, indicating that these two term premium measures are quite closely associated.
A very crude term-premium proxy that some have proposed is the spread between the one-year forward rate ending four years hence and the one-year forward rate ending five years hence. Some argue that monetary policy expectations might be fairly flat between four and five years hence, and accordingly that the slope of the forward curve may be mainly a reflection of the slope of the forward term premium. If the forward term premium were moreover approximately linear, then this would give an approximation to the expected excess returns on bonds of all maturities. We believe that the level and slope of the distant-horizon forward curve reflects some combination of the trajectory of future expected real rates, expected inflation, and term premiums and are skeptical of any research that starts from an a priori assumption that movements in the forward curve at distant horizons must reflect changes in just one of these three components. Nonetheless, we agree that it is likely that the slope of the distant-horizon forward curve is affected by term premiums among other things. The correlation between our estimate of the ten-year instantaneous forward term premium and this term premium measure is 0.27.
We estimated the model of Cochrane and Piazzesi (2005) , using Fama-Bliss yields spliced onto data from the Svensson curve that is fitted to off-the-run Treasury 
Implications of the Stationarity of the Factors.
This three-factor arbitrage-free term structure model has the feature that so long as the factors are stationary (all eigenvalues of K are negative), the forecasts of the factors will always eventually converge to zero as the horizon goes to infinity. Thus the forecast of the future instantaneous short rate at a sufficiently long horizon must converge to 0 ρ .
Thus, movements in sufficiently distant-horizon instantaneous forward rates will always be attributed exclusively to time-varying term premiums. 11 This feature of the model, while shared with all other arbitrage-free factor term structure models with stationary factors (including stationary models with Markovian regime switching), seems somewhat unrealistic. However, particularly when survey data are incorporated, the point at which the forecast of the future instantaneous short rate asymptotes is well beyond the maturities that we are considering in this paper.
An Extension Incorporating Inflation.
In section 2, we gave expressions relating the price of a real bond to a real pricing kernel (equation (3)) and of a nominal bond to a nominal pricing kernel (equation (4)). The real pricing kernel, ( ) R m t , is equal to the nominal pricing kernel, ( ) m t , multiplied by the price level, ( ) Q t . We do not observe prices of real bonds, other than prices of Treasury Inflation Protected Securities (TIPS) which have only been trading since late 1997 and which had evidently large liquidity premiums in the years shortly after their inception, and which are not used in the models discussed in this paper. But we do observe inflation data, and can combine inflation data and nominal yields data to price synthetic real bonds. Other papers that have constructed real term structure models from inflation and nominal yields data include Ang and Bekaert (2005) .
The model of the real term structure described in this paper is due to Kim (2004) .
The key extra feature that allows the model to price real bonds is to assume a specification that relates inflation to the factors. It is assumed that equations (3), (4), and (5) hold and that μ , 0 ρ , and 0 σ are constants, μ , ρ , σ , and φ are 3x1 vectors, Φ is a 3x3 matrix and ( ) W t is a standard Brownian motion that is independent of ( ) B t . Equation (9) can be interpreted as implying that inflation is the sum of expected and unexpected components and that the latter is driven by some combination of the Brownian motions in (5) and by a fourth independent Brownian motion. Apart from the specification for inflation, the model is identical to the nominal term structure model discussed earlier. Kim (2004) shows how this gives a model that can be written in state space form in which inflation, nominal yields and survey expectations 12 are the observed data and the latent factors ( ) x t are the state variables. This provides a four-way decomposition of yields into expected future real rates, expected future inflation, a real term premium, and an inflation risk premium that is defined as the difference between nominal and real term premiums. The model is estimated using weekly data over the sample period from 1990
to July 2005, with inflation measured by total seasonally adjusted CPI.
Empirical
Results from the Real Term Structure Model. Table 1 shows the decomposition of the ten-year instantaneous forward rate into the expected future real short rate ten years hence, expected future inflation ten years hence, the real term premium and the inflation risk premium at the end of each year, using the model described in the previous section. Results are also shown for June 29, 2004 and for July 20, 2005. 12 In addition to the Blue Chip survey expectations of interest rates used as in the nominal term structure model, inflation survey expectations from the Survey of Professional Forecasters at one-and ten-year horizons are also incorporated. These are likewise treated as noisy measures of the true underlying latent inflation expectations (i.e. it is assumed that the survey measures of inflation expectations are equal to true inflation expectations plus Gaussian measurement error).
As can be seen in Table 1 , long-horizon inflation expectations implied by the model drifted lower over the 1990s from about 3½ percent at the end of 1990 to about 2½ percent in July 2005. The expected real rate also fell from 2¼ percent to about 1½ percent. Recall that inflation is measured by total CPI-to whatever extent that this is likely to overstate inflation, the inflation expectation will be biased upwards and the real rate biased downwards. Both the estimated real term premium and the inflation risk 
Conclusions and Future Work.
This paper has described a three-factor arbitrage free nominal term structure model (Duffee (2002) and Kim and Orphanides (2004) ) and an extension to incorporate inflation (Kim (2004) ). Judging from these models, the phenomenon of falling long-term yields and distant-horizon forward rates since before the June 2004 FOMC meeting owes to declining term premiums. In the real term structure model, real term premiums are estimated to have fallen by about two-thirds as much as nominal term premiums, leaving inflation risk premiums down about 30 basis points.
We have not reported standard errors associated with estimates of term premiums and expected future short rates, but we see no special difficulty in computing bootstrap standard errors. It would also be interesting to fit a model imposing that one of the factors be nonstationary, as this would allow the point at which the expected future shortrate asymptotes to vary over time, as discussed in subsection 3.2. Although the real term structure model described here does not incorporate TIPS data, it is possible to include TIPS yields, specifying that the TIPS yields, where available, are equal to the unobservable synthetic real yields less an unobservable liquidity premium. These topics, among others, are the subject of ongoing and future research on the term structure by Federal Reserve Board staff. Note: Estimated decomposition from the version of the three-factor arbitrage-free term structure model incorporating inflation of Kim (2004) . The inflation risk premium is defined as the nominal term premium less the real term premium. 1990 1991 1992 1993 1994 1995 1996 1997 1998 1999 Three-Factor Yield Curve Model History
